We present a simple and predictive model of radiative neutrino masses. It is a special case of the Zee model which introduces two Higgs doublets and a charged singlet. We impose a family-dependent Z 4 symmetry acting on the leptons, which reduces the number of parameters describing neutrino oscillations to four. A variety of predictions follow: The hierarchy of neutrino masses must be inverted; the lightest neutrino mass is extremely small and calculable; one of the neutrino mixing angles is determined in terms of the other two; the phase parameters take CP-conserving values with δ CP = π; and the effective mass in neutrinoless double beta decay lies in a narrow range, m ββ = (17.6 − 18.5) meV. The ratio of vacuum expectation values of the two Higgs doublets, tan β, is determined to be either 1.9 or 0.19 from neutrino oscillation data. Flavor-conserving and flavor-changing couplings of the Higgs doublets are also determined from neutrino data. The non-standard neutral Higgs bosons, if they are moderately heavy, decay dominantly into µ and τ with prescribed branching ratios. Observable rates for the decays µ → eγ and τ → 3µ are predicted if these scalars have masses in the range of 150 − 500 GeV. *
Introduction
The purpose of this paper is present a simple model of radiative neutrino masses. The model is a special case of the Zee model [1] . It assumes the existence of two Higgs doublets and a charged singlet. When two Higgs doublets are present in the Standard Model, in general there are Higgs mediated flavor changing neutral currents (FCNC) at the tree-level. In the original Zee model such FCNC were allowed. While the model provides a simple way for explaining small neutrino masses with TeV scale physics, in this general setup testing the model quantitatively becomes difficult. Soon after the Zee model was proposed, Wolfenstein suggested [2] that there is a discrete Z 2 symmetry in the model which would forbid tree-level FCNC mediated by the Higgs bosons [3] .
The Zee-Wolfenstein model is quite predictive in the neutrino sector, and was very popular for a long time [4] . After more precise solar neutrino and KAMLAND data emerged, it became clear that the Zee-Wolfenstein model cannot support the oscillation data [5] . The chief reason for the exclusion was a special feature this model has, namely the diagonal elements of the neutrino mass matrix all vanish in the flavor basis. Attention has moved on to other interesting models of radiative neutrino mass generation, especially since these models may be testable at the LHC as well as in lepton flavor violation processes [6, 7] .
Perhaps the Z 2 symmetry assumed in the Zee model is too strong. With no additional symmetries however, the model is not so predictive, and it is not clear how to test it quantitatively.
The model we present here is a specific realization of the Zee model which is in between the two extremes of having no symmetry at all and having no tree-level FCNC at all. We assume a discrete symmetry in the model, but unlike Wolfenstein, we allow it to be family-dependent. This would indeed lead to tree-level FCNC mediated by the Higgs bosons, but the amplitudes for such processes are sufficiently small and consistent with experimental constraints, even when the Higgs bosons have masses of about 100 GeV.
Our model is the Zee model with a Z 4 symmetry acting on the leptons and the Higgs bosons.
In the quark sector one Higgs doublet couples universally to the up-type and down-type quarks.
With this assignment the Z 4 symmetry is anomaly free [8] . As a result of the structure of the model and the Z 4 symmetry, all of neutrino oscillation data is described in terms of four real parameters.
There are then a variety of predictions. Neutrino mass hierarchy is predicted to be inverted. The CP violation parameter is predicted to be δ CP = π. Among the three neutrino oscillation angles, one is determined in terms of the other two. This relation is |U τ 1 | = |U τ 2 |, which is found to work well with present data. The effective mass for neutrinoless double beta decay lies in a narrow range, m ββ = (17.6 − 18.5) meV.
A fit to the neutrino oscillation data also determines the parameter tan β, the ratio of the two neutral Higgs vacuum expectation values. We find two solutions, tan β = 0.19 or 1.9. This enables us to calculate the branching ratios of the moderately heavy Higgs bosons decaying into fermions.
Leptonic decay modes are significant, especially with muons in the final state. Flavor violation mediated by the Higgs bosons in the lepton sector is also calculable. Rates for the decays µ → eγ and τ → 3µ may be accessible to proposed experiments.
The rest of the paper is organized as follows. In Sec. 2 we describe the model. In Sec. 3 we address the flavor structure of the charged lepton mass matrix and Yukawa matrices. Neutrino phenomenology is worked out in Sec. 4. Sec. 5 is devoted to lepton flavor violation discussions, and Sec. 6 addresses Higgs decays. Finally, Sec. 7 has our conclusions.
The Model
The model we present is a special case of the general Zee model [1] . Neutrino masses are induced as one-loop radiative corrections through the exchange of charged scalars. The gauge symmetry and the fermionic content of the model are identical to that of the Standard Model. In particular, Standard Model singlet right-handed neutrinos are not introduced. The scalar sector is extended so that there are two Higgs doublets H a (1, 2, −1/2) (a = 1, 2) and a charged singlet η + (1, 1, +1).
A discrete Z 4 symmetry acting on the leptons fields L i (1, 2, −1/2), e c i (1, 1, +1) and the Higgs fields H a and η + is assumed, with the following transformation properties:
Here i = 1 − 3 is the family index. Thus the Z 4 symmetry is family-dependent. This is the crucial difference of our model compared to the Wolfenstein realization of the Zee model, where a family universal Z 2 is assumed in order to suppress naturally tree-level flavor changing neutral currents mediated by the Higgs bosons. In our version, there will be tree-level flavor changing neutral currents, but as we show, the amplitudes for these processes are sufficiently suppressed to be consistent with data, even when the neutral scalars which mediate them have masses of order hundred GeV.
In the leptonic sector the following Yukawa couplings can be written down consistent with the gauge symmetry and the Z 4 symmetry of Eq. (1).
Lepton number is not broken by these Yukawa couplings, as can be seen by assigning lepton number of −2 to η + field. However, the Higgs potential contains a cubic term which is Z 4 -invariant that breaks lepton number, and possibly also a quadratic term that breaks the Z 4 symmetry softly:
Here the .... stands for other terms which are not so relevant for our present discussions. However, it should be noted that the action of the Z 4 symmetry does not create an accidental global U (1) symmetry of the Higgs potential, which could have led to an unwanted pseudo-Goldstone boson. 
where the Higgs label a takes the same value, either 1 or 2, in both terms. HereH a = iτ 2 H * a . With this form of the quark Yukawa couplings the Z 4 charge assignment of Eq. (1) is anomaly-free [8] .
To see this, consider the case where the Higgs field H a in both terms of Eq. (4) is H 1 . In this case, the following Z 4 charges can be assigned to the quarks:
In Eqs. (5)-(6), the factor 1 2 is the index of the fundamental representation of SU (N ), the factors 3 and 2 are color and SU (2) L multiplicities, and a Z 4 charge of ±i is treated as charge ±1 mod(4). Now, the condition for the absence of discrete anomalies for a Z N group is that all the anomaly coefficients must obey A i = p i (N/2) with p i being integers. We see that both anomalies satisfy 
This choice also satisfies A 3 = p 3 /2, with p 3 = −12, showing the cancelation of the Z 4 anomalies.
It is interesting to note that the case where the up and down type quarks couple to different H a fields universally is incompatible with a non-anomalous Z 4 symmetry.
Leptonic mass matrix and Yukawa couplings
In this section we carry out the diagonalization of the charged leptonic mass matrix and then evaluate the Yukawa coupling matrices in a basis where charged lepton mass matrix is diagonal. (3), the phase of v 2 will be minimized to φ = 0 or π. With non-vanishing m 2 12 , a nonzero φ will result, which is determined in terms of the Higgs potential parameters. We shall assume a generic nonzero φ, but note that the special case where m 2 12 = 0 can be recovered by setting φ = 0 or π.
The charged lepton mass matrix that results from Eq. (2) can now be written down, in the notation L ⊃ i (M ) ij e c j , as
Here we have defined the parameters m 0 e , m 0 µ , m 0 τ and x, y as (9) we have allowed the off-diagonal entries to be as large as they can be, consistent with the requirement of hierarchical eigenvalues, m e m µ m τ .
The parameters x and y are allowed to take values of order one, or even larger, subject to x, y m µ /m e 205.
In diagonalizing M , we first make phase rotations on the lepton fields to make x, y, m 0 e , m 0 µ , m 0 τ all real. In this case the square root factor 1 + |x| 2 can be replaced by √ 1 + x 2 and similarly 1 + |x| 2 + |y| 2 by 1 + x 2 + y 2 . With this phase convention, M can be diagonalized as
where
and
Here terms that are dropped in U L and U R are of order (m 2 e /m 2 µ ) and (m 2 µ /m 2 τ ). The matrix U L is a product of two rotation matrices. The first rotation by and angle θ with tan θ = x brings the third column of M to a form (0, 0, m τ ) T . The second rotation is by an angle that removes the (rotated) (1, 2) entry of M . The matrix U R is obtained by sequential rotations in the (2 − 3), (1 − 2) and (1 − 3) sectors respectively.
Making the same rotation on the matrix which follows from the L 2 L 3 coupling of the η + field of Eq. (2), we obtain the redefined flavor-antisymmetric matrix,f = U T L f U L , written in the mass eigenbasis for the charged leptons with its elements given bŷ
Note that there is no particular hierarchy factor of the type (m e /m µ ) or (m µ /m τ ) that appears in any of the elements off . This feature is central to providing a successful description of neutrino oscillations, as shown in the next section. Alternative identifications of mass hierarchies in M , such as the first row entries all being of order m τ along with the (2,2) and (3,3) entries being of order m µ and m e , will not preserve this feature, and will be disfavored by neutrino oscillation data.
Among the charged scalar fields H 
Note that the diagonal matrix that multiples M from the left in Eq. (15) 
Yuk U R . The elements ofŶ are readily obtained. To leading order in the charged lepton mass ratios (m i /m j ) they are: 
Here
(m e , m µ , m τ ) is the diagonal charged lepton mass matrix, andf andŶ are the Yukawa coupling matrices given in Eqs. (14) and (16) . The overall factor κ involves the loop integral, and is given by
The main difference of our realization of the Zee model compared to the Wolfenstein realization An interesting feature of M ν of Eq. (17) is that Tr [M ν ] = 0. This can be seen as follows:
Here we defined a diagonal matrix P = (1 + cot 2 β) diag (1, 0, 0). The last step of Eq. (19) follows
] also vanishes, since P is nonzero only in the entry P 11 , while f is nonzero only in the f 23 and f 32 entries. Traceless neutrino mass matrices have been studied in Ref. [9] .
The leading terms ofŶ are in the third column, which all have a factor of m τ , while the second and third columns, which have factors of m µ and m e respectively are suppressed. There is no such hierarchical structure inf . Noting these features, we can write down an approximate form for M ν :
Here we have ignored the contributions proportional to m 2 e , which are extremely small. The terms 
In addition to the trace being zero, M 0 ν has its (3,3) entry zero. Thus the the (1,1) and (2,2) entries are equal and opposite. Diagonalizing M 0 ν is achieved by the orthogonal transformation
where the matrix U ≡ U PMNS , which is the PMNS matrix (up to signs), is found to be
Here S χ = sin χ, C χ = cos χ and S ψ = sin ψ, C ψ = cos ψ, with
The matrix U PMNS is a product of three rotation matrices obtained as follows. • Neutrino mass hierarchy is inverted.
• δ CP = 0 or π.
• |U τ 1 | = |U τ 2 |.
Inverted mass hierarchy prediction follows from the two nearly degenerate mass eigenvalues. (17) in M ν with relative suppression factors of (m µ /m τ ) 2 are included, this degeneracy will be lifted, and the solar mass-splitting of the right order will be induced, as we show below. The effect of these subleading terms on the PMNS matrix are tiny, so we should study first the consequences of the prediction |U τ 1 | = |U τ 2 |. In the standard parametrization of U PMNS , this prediction reads as
Here t 23 = tan θ 23 , etc. In the standard parametrization θ 13 lies in the first quadrant, so the second solution in each case above is inconsistent. Only the first solution with δ CP = π will lead to positive s 13 smaller than t 23 . Thus the model predicts δ CP = π.
We plot the relation
in Fig. (2 
In Fig. (2) we show the range of the predictions for the mixing angles in our model with one sigma and two sigma error bars in the input quantities. The best fit to the mixing angles from a global analysis of all neutrino data is also shown in red along with its error bar. The prediction of the model is found to be in very good agreement with data. There is a preference for sin 
From Eq. (23) we also have
The lightest neutrino mass m 3 is predicted in the model, which turns out to be tiny:
From these relations we can also compute the range for the effective mass parameter m ββ for neutrinoless double beta decay. For this purpose we use the atmospheric and solar mass splittings as input, obtained from the global fit:
By varying the input parameters within their 1 sigma range, we get
Here we also used the fact that the Majorana phases are zero, and that m 1 and m 2 have opposite CP parities. We also demand that the value of sin 2 θ 23 resulting from the model prediction is within 1 sigma of the best fit value.
The effective mass parameter m β that is measurable in beta decay end point spectrum, in (C χ C ψ − S ψ )| and |U e3 | = | − S χ C ψ |, for a given input choice we solve for (x, y, tan β). The third mixing angle θ 23 is determined through Eq. (27).
Since the uncertainties in the input parameters are small, we can determine the model parameters (x, y, tan β) rather precisely. With |U e2 | 2 = 0.32, |U e3 | 2 = 0.0227 and R = 1/32.9, we find two separate solutions for the parameters (up to signs):
(i) (x, y, tan β) = (0.038, 4.24, 0.189),
(ii) (x, y, tan β) = (4.85, 21.0, 1.93) .
These values can now be used to compute the Higgs Yukawa coupling matrixŶ , which would determine the structure of flavor changing neutral currents. For the two solutions we find this matrix to be 
With these coupling matrices, we can now determine FCNC rates, which we address in the next section. We can also determine the overall coefficient of neutrino mass matrix from Eq. (30),
The smallness of κf 23 may be explained by choosing κ and/or f 23 small. A small κ is realized if the cubic scalar coupling coefficient µ in Eq. (3) is small, or if the mass of one of the charged scalar η + or H + is large. As an illustration, choose µ = 1 GeV, f 23 = 0.01, m η ± = 1.5 TeV and m H ± = 500
GeV. This would yield κf 23 = 2.1 × 10 −8 , consistent with solution (ii). Clearly, other choices are also possible. This shows that the smallness of neutrino masses can be explained in the present framework without much tuning, even when the scale of new physics is near the TeV.
We note that the values of (x, y, tan β) determined via analytic approximation can be used to solve the lepton mass and mixing problem exactly by numerical methods. Excellent agreement is found for solution (i), and very good agreement is realized for solution (ii) -the difference in the two solutions being the largish y in (ii).
Lepton flavor violation mediated by Higgs bosons
In our model both the Higgs doublets couple to lepton fields. There are tree-level flavor chang- Perturbative realization of the decoupling limit would prefer the presence of the soft Z 4 breaking term m 2 12 in Eq. (3). In this limit, the A 0 , H 0 and H ± fields will be nearly degenerate in mass. In the unitary gauge, all components of H 1 and H 2 can be written in the decoupling limit as [12] Re(H 
The Yukawa couplings of the Higgs fields with the leptons in the decoupling limit (with α = β − π/2 assumed for H 0 coupling) is given by
where the elements ofŶ are determined as shown in Eqs. (35)- (36) from neutrino data.
From the structure ofŶ in Eqs. (35)- (36) it is clear that there will be lepton flavor violation mediated by A 0 and H 0 scalars at the tree-level. The process
− l occurs at tree-level, as shown in Fig. (3) for the decay τ → 3µ. Combining the contributions arising from H 0 and A 0 (see Eq. (40)), with m H 0 = m A 0 we obtain the rates for these processes to be
Radiative decays i → j + γ arise in the model through one-loop diagrams mediated by the neutral Higgs bosons H 0 and A 0 as well as the charged Higgs bosons H ± and η ± . Ignoring H ± −η ± mixing, and setting m A 0 = m H 0 = m H ± along with α = β − π/2, the rate for these processes is given by muon being right-handed, while the second term is from the exchange of (A 0 , H 0 ) and η + with muon being left-handed. The relative minus sign is in the second set of terms is due to the fact that the photon is emitted from the charged-lepton line in diagrams with the exchange of (A 0 , H 0 ), while in η + exchange, it is emitted from the η + line. Although it might appear that the two contributions interfere destructively, with the values of (x, y, tan β) determined from neutrino oscillation data, it turns out that they interfere constructively. In our analysis we keep the contributions from (A 0 , H 0 , H ± ) and not from η + since the coupling of η + , f 23 , is not determined. Our estimate will however be a lower limit on the rate for radiative decays. Quite likely, the coupling f 23 is small, or η + is heavy (see discussions after Eq. (36)), justifying our procedure.
We now examine the constraints arising from the processes τ → 3µ and µ → eγ. Their current limits are BR(τ → 3µ) < 2.1 × 10 −8 [13] and BR(µ → eγ) < 5.7 × 10 −13 [14] . These limits translate into the constraints
These result suggest that for m A 0 150 GeV, µ → eγ branching ratio should be greater than 
Higgs phenomenology
With the knowledge ofŶ and tan β, we can predict the branching ratios of H 0 , A 0 , H ± into SM particles. We start with Yukawa interactions in quark sector. As noted in Sec. 2, a non-anomalous Z 4 symmetry suggests that the up-type and down-type quarks couple to the same Higgs doublet, either H 1 or H 2 . Let us first consider the case where the quarks couple to H 1 . In the decoupling limit (α = β − π/2) the Yukawa interactions of the quarks are given in the quark mass eigenbasis as Among the two solutions obtained for tan β, solution (i) (tan β = 0.19) suggests that all quarks must couple to H 1 . Otherwise the top quark Yukawa coupling to H ± would be of order 6 and non-perturbative. Similarly, in solution (ii) (tan β = 1.9), it is preferable that all quarks couple to H 2 , so that large top quark Yukawa coupling of order 2 is not generated. We shall only consider these two cases -viz., solution (i) with all quarks coupling to H 1 and solution (ii) with all quarks coupling to H 2 . We shall investigate the Higgs boson branching ratios when the masses of (H 0 , A 0 )
are not too large, so that the decays (H 0 , A 0 ) → tt is not open. That is, we restrict this analysis
The mass of H ± is constrained from the process b → sγ. In type I two Higgs doublet model with H 2 coupling to up and down quarks, b → sγ sets a constraint tan β > 1.8 for m H + = 300
GeV [15] . For our solution (ii), this requirement is satisfied with tan β = 1.9. For our solution (i), since H 1 couples to all quarks, the constraint from b → sγ is cot β > 1.8 for m H ± = 300 GeV. This is also satisfied in our model, since we have cot β = 5.3 in solution (i).
The partial decay rates for the Higgs boson decays are given by
with N c = 3 being the color factor and ξ = {tan β, cot β} corresponding to solutions (i) and (ii). For
where the virtual t * decays as t * → W + b. Notice that there are no H 0 → W + W − , ZZ decays since the relevant couplings vanish in the limit of β − α = π/2. In principle, H 0 could also decay into a pair of h 0 . However, that coupling depends on a combination of quartic couplings which is unknown, and which may be very suppressed. We assume that this decay has a negligible rate.
We summarize the branching ratios of several decay channels below: 
In deriving these limits we use quark running masses at µ = M t given in [16] . We have also used the decay rate for A 0 → t * t +t * t = (1.97 MeV)/ξ 2 obtained from HDECAY [17] . The charged-Higgs on the other hand, decays almost 100% of the time into tb in both solutions (i) and (ii).
We see that the branching ratios into leptons, especially into muons, is significant. If the neutral Higgs particles are lighter than 300 GeV, their leptonic branching ratios may be even larger (for
. This will open up the discovery potential of such particles. Higgs discovery with the prescribed properties can thus lend support to our model. It should be noted that in the absence of soft Z 4 symmetry breaking, the second neutral Higgs boson cannot be much heavier than about 150 GeV. This is because both neutral scalar bosons have masses of order 2λ 1 v 2 1 and 2λ 2 v 2 2 along the diagonal in the 2 × 2 mixing matrix. In solution (i) we have v 2 = 32 GeV, while in solution (ii) we have v 1 = 81 GeV. If the quartic scalar couplings are not much larger than one, the neutral scalars should be relatively light, in the case of exact Z 4 symmetry. With soft breaking of Z 4 this conclusion will not apply.
Conclusions
We have presented in this paper a simple model of radiative neutrino masses. The model is a special case of the general Zee model. We employed a family-dependent Z 4 symmetry that resulted in a total of four real parameters explaining the entire neutrino oscillation data. There are a variety of predictions in the neutrino sector. The CP violating parameter δ CP is predicted to be π. Most interestingly, one of the neutrino oscillation angles is determined in terms of the other two angles.
This nontrivial relation is found to be consistent with current data. Future precision determinations of sin 2 θ 23 and sin 2 θ 12 could serve as a test of the model. The model prefers sin 2 θ 23 0.4 and not more than 0.45 at 90% CL. There is slight preference for sin 2 θ 12 to be above the current central value by about one sigma.
The model employs two Higgs doublets and a charged singlet. A crucial parameter that enters in two Higgs doublet models is the VEV ratio tan β. We are able to determine its value from neutrino oscillations. We found that tan β = 0.19 or 1.9. The branching ratios of the neutral Higgs bosons of the model into fermions are then completely determined. We found that leptonic decays, involving the muon, can be significant, which can potentially raise the reach for such particles at the LHC. The charged and neutral Higgs bosons also mediate leptonic flavor violation, with µ → eγ possibly within reach of proposed experiments. The decay τ → 3µ, which arise at the tree-level is also significant. Lepton flavor violation with prescribed branching ratios would be yet another test of the model.
